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Abstract 

We study the effects, to all orders in the Planck length from a generalized uncertainty 
principle (GUP), on the statistical entropy of massive scalar bulk fields in the Randall- 
Sundrum black brane world. We show that the Bekenstein-Hawking area law is not 
' preserved, and contains small corrections terms proportional to the black hole inverse 

O ' area. 
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1 Introduction 

The possibility of existence of extra dimensions has opened exciting and promising ways to 
investigate phenomenological and cosmological aspects of quantum gravity. Models with extra 
dimensions and an effective fundamental scale of the order of the TeV have been proposed as 
possible solution to the gauge hierarchy problem PP-[S]- Particularly, the Randall-Sundrum 
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models [H [5] have attracted a great attention and their cosmological imphcations intensively 
studied [6]-[2Tj. On the other hand, since the seminal works of Bekenstein p2] and Hawking 
|23j . the computation of the entropy of a black hole remains an active field of research. Various 
approaches and methods have been employed. Among them, the brick- wall method |24j , which 
is a semi-classical approach, has been applied to various BH geometries [25] (and references 
therein). However, this approach suffers from the implementation of unnatural arbitrary ul- 
traviolet and infrared cutoffs. Recently, with the advent of generalized uncertainty principles 
(GUPs), originating from several studies in string theory approach to quantum gravity |26j - 
|29j . loop quantum gravity [30], noncommutative space-time algebra [21]- [33] and black holes 
gedanken experiments [Mf [35j. the contribution to the entropy of quantum states with momen- 
tum above a given scale has been suppressed and the UV divergence completely removed (see 
[36] for an extensive list of references). 

Recently, the calculation of the statistical entropy of thermal bulk massive scalar fields on the 
Randall- Sundrum brane background has been performed with a GUP to leading order in the 
Planck length [37], and the effect of the GUP has been only considered on the 3-brane. On 
the hand a careful analysis of the entropy near the horizon to all orders in the Planck length 
has been performed for the (3+l)-dimensional Schwarzschild black hole [3Sj and for the 2+1)- 
dimensional de Sitter black hole |39j.In this paper, we extend this calculation to all orders in the 
Planck length, and consider the regularizing effect of the GUP, first on the full volume of the 
space-time, and then on the brane. In section 2, we introduce a version of the GUP containing 
gravitational corrections to all orders in the Planck length, and investigate some of its quantum 
implications. In section 3, we obtain a novel equation of states of density for the extra and 
radial modes. In section 4, using the near horizon geometry approximation and considering the 
effect of the GUP on the bulk states, we derive the free energy of a massive bulk scalar field and 
by means of the first law of thermodynamics we obtain the GUP-corrected Bekentein-Hawking 
area law for the entropy . Then, in order to compare our results with obtained by the brick-wall 
method and with the GUP to leading order in the Planck length, we ignore the effect of the 
GUP on the extra direction states density and compute again the free energy and the entropy. 
The last section is devoted to a summary and a discussion of the results obtained. 
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2 Generalized uncertainty principle (GUP) 



One of the most interesting consequences of all promising quantum gravity candidates is the 
existence of a minimal observable length on the order of the Planck length. The idea of a 
minimal length can be modeled in terms of a quantized space-time and goes back to the early 
days of quantum field theory [41j (see also — [IS] )• An alternative approach is to consider 
deformations to the standard Heisenberg algebra [321 [33], which lead to generalized uncertainty 
principles. In this section we follow the latter approach and exploit results recently obtained. 
Indeed, it has been shown in the context of canonical noncommutative field theory in the 
coherent states representation [16] and field theory on non-anticommutative superspace [171 US] , 
that the Feynman propagator displays an exponential UV cut-off of the form exp (— r^p^), where 
the parameter rj is related to the minimal length. This framework has been further applied, in 
series of papers [12], to the black hole evaporation process. 

At the quantum mechanical level, the essence of the UV finiteness of the Feynman propagator 
can be also captured by a non linear relation, k = f{p), between the momentum and the 
wave vector of the particle [ID]. This relation must be invertible and has to fulfil the following 
requirements: 

1. For energies much smaller than the cut-off the usual dispersion relation is recovered. 

2. The wave vector is bounded by the cut-off. 

In this picture, the usual commutator between the commuting position and momentum opera- 
tors is generalized to 



and the momentum measure d"'p is deformed as d"'p Yli ^ • In the following, we will restrict 
ourselves to the isotropic case in one space-like dimension. Following [^ US] and setting 




(1) 




PI 



we have 




(2) 



where a is a dimensionless constant of order one. 



From Eq.([2|) we obtain the dispersion relation 




(3) 
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from which we have the following minimum Compton wavelength 

Ao = A^/naLpi. (4) 

We note that a dispersion relation similar to the one given by Eq.(3) has been used recently 
to investigate the effect of the minimal length on the running gauge couplings [50]. In the 
context of trans-Plankian physics, modified dispersion relations have been also used to study 
the spectrum of the cosmological fluctuations. A particular class of MDRs frequently used in 
the literature [51] [52] is the well known Unruh dispersion relations given by k{p) = tanh^^"'(p"'), 
with 7 being some positive integer [53] . 

Let us show that the above results can be obtained from the following momentum space repre- 
sentation of the position and momentum operators 

X = thexp dp P=p. (5) 

The corrections to the standard Heisenberg algebra become effective in the so-called quantum 
regime where the momentum and length scales are of the order of the Planck mass Mpi and 
the Planck length Lpi respectively. 

The hermiticity condition of the position operator implies modified completeness relation and 
modified scalar product given by 



2 

PI „2 



dpe ^ \p){p\ = 1 (6) 



r2 

"Pi „2 



{p\ p') = 6 {p - p') . (7) 

From Eq.(l6]), we observe that we have reproduced the Gaussian damping factor in the Feynman 
propagator [IHl HE] . 

The algebra defined by Eq. ([5]) leads to the following generalized commutator and generalized 
uncertainty principle (GUP) 



[X, P\ = ^hexp [^^P'j , (SX) {6P) > - {exp [^^P'j j • (8) 

In order to investigate the quantum mechanical implications of this deformed algebra, we solve 
the relation ([8]) for (SP) with the equality. Using the property (P^") > (P^) and (5P)^ = 
(P^) — (P)^, the generalized uncertainty relation is written as 

(5X)(5P) = ^exp(^((5P)V(P)^)). (9) 



Taking the square of this expression we obtain 

Ty (m) e^(") = u, , (10) 

2 2 '^L^ 2 

where we have set W{u) = (SP)"^ and u = ~ 2(sxf ^~'^ " 

The equation given by Eq.f llOl) is exactly the definition of the Lambert function [5^, which 
is a multi- valued function. Its different branches, W4(u), are labeled by the integer k = 
0,±1,±2,---. When m is a real number Eq. flTUl) have two real solutions for > m > 
denoted by Wo{u) and W-.i{u), or it can have only one real solution for m > 0, namely Wo{u) . 
For -oo Eq. (fTO|) have no real solutions. 

Finally, the momentum uncertainty is given by 

From the argument of the Lambert function we have the following condition 



2aL 



2 



aL|,,e^<^>^ ,1 



2 {6X)^ ^ e 
which leads to a minimal uncertainty in position given by 



^ -, (12) 



{m^n=\j^Lpie-^^^^ . (13) 

The absolutely smallest uncertainty in position or minimal length is obtained for physical 
states for which we have (P) = and (SP) = h/ {\/2aLpi^ , and is given by 

= ^Lp,. (14) 
In terms of the minimal length the momentum uncertainty becomes 

This equation can be inverted to obtain the position uncertainty as 

In figure 1, we show the variation of the 5X with 5P. The minimum corresponds to the 
location of the maximal localization states for which {X) = ^ and (P) = 0. We observe that for 



a large, corresponding to strong gravitational field, the uncertainty on the momentum operators 
becomes bounded, which is not the case in the standard situation with Heisenberg uncertainty 
principle (HUP) (a — ^ 0). 




Figure 1: Generalized uncertainty relation . 

Let us observe that ^j^^ < 1 is a small parameter by virtue of the GUP, and then perturbative 
expansions to all orders in the Planck length can be safely performed. 

Indeed, a series expansion of Eg. (11 51) gives the corrections to the standard Heisenberg principle 

This expression of (SP) containing only odd powers of (SX) is consistent with a recent analysis 
in which string theory and loop quantum gravity, considered as the most serious candidates for 
a theory of quantum gravity, put severe constraints on the possible forms of GUPs and MDRs 

Before ending this section, we briefly recall the form of the GUP to leading order in the Planck 
length, recently used by Kim et al. [37]. This GUP is given by 



A simple calculation leads to the following minimal length 

(5X)o = y^Lpi, (19) 



which is of order of the Planck length. However, as nicely noted in |10] , this form of the GUP 
do not fulfil the second requirement listed above. 

In the following sections we use the form of the GUP given by Eq. (fT5l) and investigate the 
thermodynamics of the Schwarzschild black hole. We use units h = c = kB = G = l. 

3 Massive Scalar field on the Randall- Sundrum brane 
Background 

We consider a dual-brane Randall- Sundrum scenario, embedded in a 5-dimensional AdS^ space- 
time. The 3-branes with positive and negative tension are respectively located at the /Z2 
orbifold fixed points y = Q and y = yc = vrrc [U [5]. Assuming Poincare invariance on the 
branes, the solutions to Einstein's equations are given by. 



where the parameter k, assumed to be of the order of the Planck scale, governs the degree of 
curvature of the AdS^ spacetime. Assuming a Ricci flat metric, one solution is [T3] 



where /(r) = 1 — This solution describes a 4-dimensional Schwarzschild black hole located 
on the hypersurface. It describes also a 5-dimensional AdS black string intersecting the brane 
world. 

Let us then consider a matter field propagation in this brane background. We consider massive 
scalar field which are solutions of the Klein-Gordon equation 



ds'^ = e~'^''yg^,ydx^dx'' + dy"^, 



(20) 



ds"" = e-^^y {-f{r)df + f-\r)dr'' + r^dO^ + rhin^dcj?) + dy\ 



(21) 



(V?5) 



m^)^ = 0. 



(22) 



Using the solution fl?Il) we have 




(23) 
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Substituting \1/ = e"*'^*$(r, 6^, we obtain 

{e'y^G{k, m) - GiO, m)) 9,^$+ Qs,/ + 9,$+^ (^^ 

(24) 

where the constant fi'^ is defined by 



sm ^ 



+ y-/i^)$ = 0, 



e^^^a,(e-^^^a,e(y)) - m'^y) + /x^e^^^elz/) = 0. (25) 

We simphfy these equations by using the Wentzel-Kramers-Brillouin (WKB) approximation for 
which we set $ ~ g«s'{nf,<^)_ indeed to leading order we have 

{e''y^G{k,m)-G{0,m)) -d^<l>- (^jdrf +'^^d<!> = pl<^, (26) 

-e''ydy{e-''ydyay)) = Play), m 

with Pa = = r,9,(j), and p^, Py given respectively by 



pI = /xV^^-ml (29) 

A central ingredient for our calculation is the degeneracy of the brane and extra dimension 
modes. To this aim, we first note that the volume in the momentum space is affected by the 
squeezed momentum measure arising from the GUP and given by Eq.([6]) . Indeed, the number 
of quantum radial modes with energy less than u, for a given /i, is given by 



If _ 2 

ririuj) = 7 — / drd6d(t)dprdpedp^e 
(2vr)^ J 



with the condition u > fiy/J. We note that the additional suppressing exponential, due to the 
GUP, renders nj.{uj) finite at the horizon without the introduction of any artificial cut-off, as it 
is the case in the brick wall method 

On the other hand, the number of quantum states in the extra dimension for given /i is 



riy (/i) = - / dydpyC 



2^/7^a 



erf {y^^Jij?e^^y - rn?^ dy. (31) 
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4 Entropy to all orders in the Planck length 

In this section, we shall evaluate the free energy and entropy of free massive bulk scalar fields 
at the Hawking temperature. We shall consider first the case where the GUP affect the bulk 
modes and finally the case where the GUP affect only the brane modes. 

a) GUP on the bulk: In the continuum limit, the free energy of a scalar field at the inverse 
temperature (3, is approximated by 

Fp = ^ j dN{uj)ln (1 - e^^'^) . (32) 

where the total number of quantum states with energy less than uo is given by 

N{ijj) = I drir duy. (33) 



A integration by parts gives 

..^-r <^.^. (34) 

Using the expression of given by (I5U]1 we have 

2 /■"■+■ ,-2 [vm, dn,{p) 



with 

g{fi)= duji-—-^?] „„„ , ■ (36) 



f{r) eP^-l 
Before proceeding further, we note that we are only interested in contributions to the entropy 
in the near vicinity of the horizon. Then, near horizon geometry considerations allows us to 
use the following substitutions: / — >0, y — /i^— >y-, and then g{ii) is simply given by 



1 /"°° e — ~ 



Substituting in Eq. flS^ we obtain 
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At this stage the extra mode is completely decoupled from the radial modes and it remains to 
integrate over /i. Integrating over y in Eq. (l3T|) we obtain 



Uy {ijj) = j — {erf {yoi\/ (x'^e^'^^^'' — j — erf {^/a\/ fi^ — m^^^ . (39) 

The integration over fi can not be done exactly. To remedy to this situation we invoke the little 
mass approximation, for which we have the following substitutions 

2 2fc7rrc 2 2 2kiTrc 2 2 2 ; /,in\ 

fie " — m ^ fj, e % fi — m ^ fx , unless fi = m. (40) 
Then the free energy is rewritten as 

where / (r) is given by 

The entropy is calculated using the first law of thermodynamics S = jS"^^ as 



dp 

4^2 2 p W ^ 

/ «^72 / ■ .2tn /ON / ~ V^^^J (v«/^e ^=) - er/ (Va/i)) . 

ir^ rio smh^(/?oj/2) y„ ' ' 

(43) 



3A;7r3/2aV2 



In terms of the variable x = Uy/a we write the entropy as 



4/^2 poo 4 

^ = W^3 • ,2, (44) 

3fc7r'^/^a'^ Jo smh (x/?/2va) 



where I{x,e) is given by 

^2 ^2 



I{x,e)=f dr^e ! ^ — [erf {^/Scfie^y'') - erf {^/^fi)) . (45) 



Now the integration over /i can be done exactly and we obtain 



which is the sum of independent and dependent mass contributions given respectively by 



J-h+e ^2 



/o(x, e)= / dr——e f 



p/2 



,kyc " ' • ^ ^ ^ 



e'=*'^G'(A;, ^=) - G(0, 
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(47) 



Im{x, e) = / dr—e-- [{e'y^G{k, m) - G{0, m))] 
and where G{k,ii) is the hypergeometric function 



(48) 



(49) 



Before proceeding any further, let us carefully analyze the integration over r. Because of the 
near horizon considerations we have, to order O {{r — Thf), the following approximation 



/(r) ~ (r - rh)'^\rh = 2«;(r - r^). 



(50) 



where k = 27r//5 is the surface gravity at the horizon. Now we proceed to the calculation of Iq 
and Im- We first write Iq as 



^0(X,6) = ^(-1) 



n=0 



(ir 



{2K{r - r0)5/2 \^2«;(r - r^) 



(51) 



where a. 



(1/2). 



and (^)„ — ^^Ynf' Pochhammer symbol, and 7„ = g(2n+i)A;2/c _ i With 



" - (3/2)„ "-^"^ V^yn — r(z) 

,2 



the change of variable t — 2K{r-rh) ' "^o becomes 

v^,e)=f f;(-i)"% r 

Using the definition of the incomplete Gamma function 

poo 

r(a, z)^ f-^e-^dt, 

J z 



+ ^ ] e^^i\-'dt. 



H'^ KXt 



(52) 



(53) 



we obtain 



^ oo 
n=0 



3 X 



^T{n + -,—) + -^r(n --,—) + — r(n + -, — 



1 



2rh 



1 



x-" 



T 2ne' 4^2 



2' 2Ke' 



X 



T 2Ke' 



(54) 



Repeating the same procedure for /^(x, e), we obtain 



2kx'^ 



Sk'* 2fi;e 2k^ 2Ke 



■ (55) 



At this stage the brick wall cutoff e can be related in our framework to the physical scale given 
by the minimal length as 



{5X\ 



"''+^ dr 



rh 



(56) 
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This relation gives 



CKa 



Then using this expression in flMl) and fl55l) and substituting in 
sion of the near horizon entropy 

8e 



(57) 

we obtain the final expres- 



5* 



111 ^ I fei ^0 Ci 
9 V^^o 47r%2 ^ + 7r2e 



(e^^^G(A;,m) -G(0,m)) 



02 



+ 



^0 _^ C2 



An Air^e^ A n'^e 



(58) 



where A = 4:nrf^ , Aq = An {SX)^ is the minimal black hole area due to the GUP, and the 
numerical values ai,bi,Ci{i = 1, 2, 3) are given by 



sinh^(?/) 



rfa, 



7r2e' 



ao ^ 1.2195 for a = 3/2 
ai ~ 2.0382 for a = 5/2 



(59) 



dy- 



sinh (y) 



-Ffa. 



2y^ 



TT^e 



6n ^ 12.1968 



bi ~ 9.3742 
62 ^ 18.4608 



for a = -1/2 
for a = 1/2 



for a 



-1 



(60) 



and 



dy 



sinh (y) 



-Via. 



9 > 



Co ^ 2.2912 for a 
ci ^ 2.9991 for a 
C2 ^ 3.0706 for a 



02 



sinh^(?/) 



e ^ ~ 



1.4508 



1/2 
3/2 




(61) 



(62) 



We note that the mass independent contribution to the entropy is just built from the two first 
terms of Iq, since the factors of the type {an)'^/n\ become small for n > 2. Some comments 
are appropriate about the the expression of the entropy given by fISS]) . It is interesting to note 
that the entropy shows two regimes. In a first regime of weak gravitational fields corresponding 
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to a small, we have the usual Bekenstein-Hawking area law S ~ A/Aq, while in the second 
regime of strong gravitational field corresponding to large values of a, the entropy bahaves like 
S ~ Aq/A. However, the constraint A > Aq imposed by the GUP, renders the correction term 
small and the Bekentein-Hawking term is the dominant contribution to the entropy. We note, 
that corrections to the horizon area law of the entropy of the Schwarzschild black hole in the 
ADD scenario with GUP have been obtained recently [56J- These deviations from the horizon 



area law have not been obtained in some recent works without GUP [25] and with a GUP to 
leading order in the Planck length [37|. Finally we note, that our result has been obtained with 
the aid of the little mass approximation , and due to the existence of a minimum black hole 
area, it is non-perturbative in the minimal length. On the other hand the massive correction 
contribution is more complicated than the one obtained in [251 EZ], where it is linear in m. 

b) GUP on the brane: We consider now the more interesting case where the modes in the 
extra dimension are not affected by the GUP. In such a situation the number of quantum extra 
modes is simply given by 

1 f^" I 

Uy = — Y ij^e^'^y — im?dy (63) 
Jo 

and the total number with energy less than uo is 

ny{uj) = —J — ^a/ /i^gSfci/c _ ^2 _ ^ — 77j,2^ _ (g4) 

The calculation of the free energy proceeds as in the previous section and is given by 

It-. Q ,2 ijJ 

2 , r , 3 e~7^ fV7 dfi 



/"i~h+^ J.2. /-oo p~7 r77j fill / \ 

/ dr— duouo^-^ -/ ( V/i^e^'^-^ _ ^2 _ _ (gg) 

Jr-h J Jo ^ ~ ^ Jm ^ ' 



The entropy is calculated from the relation S = (3'^dF/dj3. In terms of the variable x = lo^fa 
and z = nlmme have 

with J (x) is given by 

X 

J (X) = jj^ ^ (^^^2g2fc.r, _ I _ v/^^3T^ . (67) 
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The integration over z is straightforward, and as a result we obtain 

/ \ 



J[x) 



xe 



ky 



my/af 



arctan 



1 



m^/af 



V 



X 



rriy/af 



1 — arctan 



V 



' a/ e^^y — 1 — arctan | , = | + 



In the just vicinity of the horizon, corresponding to / ^ 0, we have the approximation 



X 



J (x) ^ 

m\/a 

where 7a = e"''''^" — 1. 
Then the entropy can be written as 



71 



72 + arctan 



1 



(6J 



(69) 



5* — 5*0 + S„ 



where 



2/3^1 



and 



Sn 



72 + tan 



-1 



dx 



1 



X 



sinh^(/3a;/2v^) 



dx- 



dr 



X 



p/2 



dr 



(70) 



(71) 



(72) 



3fc7r2a5/2 — " J Jo sinh'(/5x/2v^) ' 

Following the same steps of calculation as in the first case, the integrals about r are computed 
and we obtain the final expression of the entropy 



S 



2e7i 



A 



Aq , Co 



2em f /I 

^72 + arctan 



A _L ^2 ^0 _C2_ 



(73) 



where the numerical constants are given by Eqs. (56-59). 

We note that the entropy given by fl73l) exhibits the same two regimes noted in the case where 
the GUP is applied on the full volume of the spacetime. We observe that the mass contribution 
to the entropy becomes linear as obtained in ^251 [37] . This a consequence of the suppression of 
the damping of the states density in the extra dimension direction. 
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Before ending this section, let us comment about the entropy to all orders in the Planck length 
for the (3+l)-dimensional Schwarzschild black hole obtained in [38] and given by 

^ ^Ma. (74) 

However, following the procedure developped in this section, the evaluation of the integral over 
r in the range near horizon gives 

c _ ea2 ^ h2 Aq 2c2 , . 

Gtt^Ao 247r6e A 37r3' ^ ' 

where 02, &2, C2 are given above. In comparison with Eg. (1741) . our result shows again the small 

deviation from the Bekenstein-Hawking area law, proportional to the inverse of the horizon 

area. Finally we point that, even with a GUP to leading order in the Planck length, a careful 

evaluation of the entropy integrals about r in the range near horizons of the Randall- Sundrum 

black brane shows the same small correction terms to the Bekenstein-Hawking area law obtained 

in 



5 Conclusion 

In summary, we have calculated to all orders in the Planck length, the near horizon contributions 
to the entropy of bulk massive scalar fields propagating in the background of a black hole in the 
Randall-Sundrum brane world, by using the generalized uncertainty principle. The entropy is 
obtained by summing up the thermal contributions of both the brane and the extra dimension 
fields. As a result the usual Bekenstein area law is not preserved in our framework and is 
corrected by the a term proportional to the inverse of the horizon area. Our analysis shows that 
the usual Bekenstein area term remains the dominant contribution since by virtue of the GUP, 
the correction term relevant in the case of strong gravitational fields, is a small quantity. In the 
case when the GUP is considered on the full volume of the bulk, we have shown that the mass 
dependence of the entropy is more complicated in comparison to the linear mass contribution 
obtained in refs. |25] and [37]. The later behavior is recovered when the effect of the GUP 
in the extra dimension direction is ignored. As a consequnce the masive contribution to the 
entropy depends crucialy on the presence or not of a cutoff in the extra dimension direction. 
Finally, we note that the results obtained are non perturbative in the minimal length. 

15 



Acknowledgments: The author thanks the Algerian Ministry of Scientific Research and High 
Education for financial support and the Professor Walter Greiner from FIAS-Frankfurt for 
warm hospitality. 



References 

[1] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvah, Phys. Lett. B 429, 263 (1998) . 

[2] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvah, Phys. Rev. D 59, 086004 (1999). 

[3] 1. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B 436, 257 
(1998). 

[4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) . 
[5] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) . 

[6] T. G. Rizzo, Black Hole Production at the LHC by Standard Model Bulk Fields in the 
Randall- Sundrum Model, piep-ph / 061X224] ; 

[7] A. L. Fitzpatrick, L. Randall and T. Wiseman, On the existence and dynamics of 



braneworld black holes, hep-th/0608208j ; 



Y. Sendouda, S.Nagataki and K. Sato, JCAP 0606, 003 (2006) ; 

[9] P. Singh,Phys. Rev. D 73, 063508 (2006) ; 

[10] S. S. Seahra, Phys. Rev. D 74, 044010 (2006) ; 

[11] T. Hiramatsu, Phys. Rev. D 73, 084008 (2006) ; 

[12] R. Neves and C. Vaz, J. Phys. A 39, 6617 (2006); 

[13] A. Chamblin, S. W. Hawking and H. S. Reall Phys. Rev. D 61 , 065007 (2000) 

[14] R. Emparan , G. T. Horowitz and R. C. Myers, JHEP 0001, 007 (2000) 

[15] R. Emparan , G. T. Horowitz and R. C. Myers, JHEP 0001, 021 (2000); 

16 



[16] P. Kanti, K. A. Olive and M. Pospelov, Phys. Lett. B 481, 386 (2000); 
[17] T. Shiromizu and M. Shibata, Phys. Rev. D 62, 127502 (2000); 

[18] A. Chamblin , H. S. Reall, H. A. Shinkai and T. Shiromizu , Phys. Rev. D 63, 064015 

(2001) ; 

[19] P. Kanti and K. Tamvakis, Phys. Rev. D 65 , 084010 (2002) ; 

[20] P. Kanti, I. Olasagasti and K. Tamvakis, Phys. Rev. D 68, 124001 (2003); 

[21] R. Emparan, A. Fabbri and N. Kaloper, Y.-W. Kim and Y.-J. Park JHEP 0208, 043 

(2002) ; 

[22] J. D. Bekenstein, Lett. Nuovo Cimento 4, 737 (1972); Phys. Rev. D 7, 2333, (1973); Phys. 
Rev. D 9, 3292 (1974). 

[23] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975). 

[24] G. 't.Hooft, NucL Phys. B 256, 727 (1985). 

[25] A.J.M. Medved, Class. Quantum Grav. 19, 405 (2002). 

[26] G. Veneziano, Europhys. Lett. 2, 199 (1986). 

[27] E. Witten, Phys. Today, Apr. 24 (1996). 

[28] D. Amati, M. Ciafaloni and G. Veneziano, Phys. Lett. B 216, 41 (1989); Nucl. Phys. B 
347, 550 (1990); Nucl. Phys. B 403, 707 (1993). 

[29] K. Konishi, G. Paffuti and P. Provero, Phys. Lett. B 234, 276 (1990). 

[30] L. J. Garay Int. J. Mod. Phys. A 10, 145 (1995). 

[31] M. Maggiore, Phys. Rev. D 49, 5182 (1994) ; Phys. Lett. B 319, 83(1993) . 
[32] A. Kempf, G. Mangano and R.B. Mann, Phys. Rev. D 52, 1108 (1995). 
[33] A. Kempf and G.Mangano, Phys. Rev. D 55, 7909 (1997). 

17 



[34; 

[35 
[36 

[37; 

[38 
[39 
[40 

[41 
[42 
[43 

[44; 

[45 

[46 

[47; 

[48 



M. Maggiore, Phys. Lett. B 304, 65 (1993). 
F. Scardigli, Phys. Lett. B 452, 39 (1999). 
K. Nouicer, Phys. Lett. B 646, 63 (2007). 

W. Kim, Y.-W. Kim and Y.-J. Park, Phys. Rev. D 74, 104001 (2006). 
Y.-W. Kim and Y.-J. Park, Phys. Lett B 655, 172(2007) 
Y.-W. Kim and Y.-J. Park.' arXiv:0709.0774V l. 



S. Hossenfelder, 2006 Phys. Rev. D 73 105013 [hep-th/0603Q32j ; 2006 Class. Quant. Grav. 
23 1815 [hep-th/0510245l 



H. S. Snyder, Phys. Rev. 71, 38 (1947). 

A. Connes, Noncommutative geometry, Academic Press, 1994. 

J. Madore, An introduction to noncommutative geometry and its physical applications, 
Cambridge University Press, 1999. 

G. Landi, An introduction to noncommutative spaces and their geometries, Springer Verlag, 
1997. 

J.M. Gracia-Bondia, J.C. Varilly and H. Figuera, Elements of noncommutative geometry, 
Birkhauser, 2001. 

A. Smailagic, E. Spallucci, J. Phys. A 36, L467 (2003); A. Smailagic, E. Spallucci, J. Phys. 
A 36, L517 (2003); A. Smailagic, E. Spallucci, J. Phys. A 37, 7169 (2004). 



J. Moffat, Phys. Lett. B 506, 193 (2001) |hep-th/0011035 . 



Kh. Nouicer, M. Debbabi, Phys. Lett. A 361, 305 (2007). 



[49] P. Nicolini, J. Phys. A 38, L631 (2005); P. Nicolini, A. Smailagic, E. Spallucci Phys. Lett. 
B 632, 547, (2006). 

[50] S. Hossenfelder, Phys.Rev. D 70, 105003 (2004). 



[51] S. F. Hassan, M. S. Sloth, 2003 Nucl.Phys. B 674 434 

[52] R. H. Brandenberger, S. E. Joras and J. Martin, 2002 Phys.Rev. D 66 083514 
[53] W. G. Unruh, 1995 Phys. Rev. D 51 2827 

[54] R.M. Corless, G.H. Gonnet, D.E. Hare, D.J. Je rey and D.E. Knuth, Adv. Comput. Math. 
5, 329 (1996). 

[55] K. Nozari, A. S. Sefiedgar, 2006 Phys. Lett. B 635 156 
[56] K. Nouicer, Class. Quantum Grav. 24 (2007) 5917-5934 



19 



